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Abstract
For a faithful linear representation of a finite group G over a field of characteristic p, we study the ring
of invariants. We especially study the polynomial and Cohen–Macaulay properties of the invariant ring. We
first show that certain quotient rings of the invariant ring are polynomial rings by which we prove that the
Hilbert ideal conjecture is true for a class of groups. In particular, we prove that the conjecture is true for
vector invariant rings of Abelian reflection p-groups. Then we study the relationships between the invariant
ring of G and that of a subgroup of G. Finally, we study the invariant rings of affine groups and show that,
over a finite field, if an affine group contains all translations then the invariant ring is isomorphic to the
invariant ring of a linear group.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
We let V be a vector space of dimension n over a field F of characteristic p  0 and let F[V ]
be the symmetric algebra of V ∗ (the dual of V ). If {x1, . . . , xn} is a basis of V ∗, then F[V ] can be
identified with the polynomial ring F[x1, . . . , xn]. Let G ⊆ GL(V ) be a finite group. The action
of G on V induces an action on V ∗ given by
g ·  :=  ◦ g−1, ∀g ∈ G,  ∈ V ∗.
✩ This research is supported by the Natural Sciences and Engineering Research Council of Canada.
E-mail address: chuai@dms.umontreal.ca.0021-8693/$ – see front matter © 2007 Elsevier Inc. All rights reserved.
doi:10.1016/j.jalgebra.2007.05.001
J. Chuai / Journal of Algebra 318 (2007) 710–722 711This action further extends to an action by degree-preserving algebra automorphisms on F[V ].
The invariant ring of G is the subring of F[V ] defined by
F[V ]G := {f ∈ F[V ] ∣∣ g · f = f, ∀g ∈ G}.
It is well known that F[V ]G is always finitely generated as a graded algebra.
We say that G is modular (or, we are in the modular case) if p divides the order of G. Other-
wise, G is called non-modular.
For any N -graded Noetherian F-algebra A (A0 = F) of Krull dimension d , there are d ho-
mogeneous elements f1, . . . , fd ∈ A, called a homogeneous system of parameters, such that A
is a finitely generated module over F[f1, . . . , fd ] (see [7, Corollary 2.4.8]). If further A is free
over F[f1, . . . , fd ], A is called Cohen–Macaulay. It is well known that in the non-modular case,
F[V ]G is always Cohen–Macaulay (see [8]). However, in the modular case we have many exam-
ples where the invariant ring is not Cohen–Macaulay.
An element 1 = g ∈ GL(V ) is called a reflection if g fixes a codimension 1 subspace point-
wise, i.e., dimV g = n − 1. From results of Shephard and Todd, Chevalley, and Serre, a non-
modular group has a polynomial invariant ring if and only if it can be generated by reflections,
and if G is a modular group and F[V ]G is a polynomial ring then G is generated by reflections
(see [5,20] and [19]). There are examples where G is modular and generated by reflections and
F[V ]G is not even Cohen–Macaulay (see [17] or [12, Example 3.10]). In any case we have,
F[V ]G is a polynomial ring if and only if F[V ] is a free module over F[V ]G, if and only if there
exists a homogeneous system of parameters f1, . . . , fn ∈ F[V ]G such that degf1×· · ·×degfn =
|G| (see [21]).
We recommend [1,7] and [21] as general references for the invariant theory of finite groups.
The paper is organized as follows.
In Section 2, we first prove that certain quotient rings of the invariant ring are polynomial
rings, following Nakajima’s paper [16]. Using the result obtained we give a simpler proof of
Landweber and Stong’s theorem that F[V ]G is polynomial if dimVG = n− 1. The ideal of F[V ]
generated by all homogeneous invariants of positive degree is called the Hilbert ideal. Derksen
and Kemper conjectured in [7] that the Hilbert ideal is generated by homogeneous elements of
degree at most the order of G. We prove this conjecture is true if∑g∈G(g−1)V ∗ ⊆ (V ∗)G. As a
corollary we obtain that the conjecture is true for any vector invariant ring of an Abelian p-group
generated by reflections.
In Section 3, we first prove that for a reflection p-group (i.e. a p-group generated by re-
flections) there exists a maximal subgroup which is itself a reflection group. Then we prove
that if F[V ]G is polynomial for a p-group G, then a maximal subgroup N of G has a poly-
nomial invariant ring if and only there are homogeneous elements f1, . . . , fn ∈ F[V ]G such
that F[V ]G = F[f1, . . . , fn] and fi = NG/N(h) for some i and some h ∈ F[V ]N , where
NG/N(h) =∏g∈G/N g(h) is the relative norm of h. We also prove some results concerning the
Cohen–Macaulay property of invariant rings.
In Section 4, we consider the invariant rings of affine groups and show that, over a finite field,
the invariant ring of an affine group which contains all translations is isomorphic to the invariant
ring of a linear group.
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Let F¯ be the algebraic closure of F, and V¯ = F¯⊗F V . For any subset S ⊆ F[V ], let VV¯ (S) ⊆ V¯
denote the variety determined by S, and for a subset W ⊆ V¯ , let I(W) denote the ideal of F[V ]
determined by W . An N -graded F-algebra R is called an affine algebra if it is finitely generated
over F. It is well known that an affine algebra R is a polynomial algebra if the localization of R
at the unique maximal homogeneous ideal R+ is a regular local ring (see, for example, [15,
Exercise 19.1]). An ideal I of a Noetherian ring is called a complete intersection if the height
of I , ht(I ), is m and I can be generated by m elements.
We begin with the following result which essentially follows from Nakajima’s paper [16].
Theorem 2.1. Let F be algebraically closed, G ⊆ GL(V ) be any finite group, and I be a ho-
mogeneous prime ideal of F[V ]G such that VV (I ) ⊆ VG and VV (I ) is a linear variety. Then
F[V ]G/I is a polynomial ring.
Proof. Let A := F[V ]G and R := F[V ]G/I . To prove the theorem we need only to show that the
localization RR+ is regular. Since R is an affine domain, there exists a maximal ideal P¯ of R such
that RP¯ is regular (see [13, Corollary 1.16 (P.173)]), where P ⊇ I is a maximal ideal of A. By the
going-up theorem, there exists a maximal ideal J of F[V ] such that P = J ∩A. Let J = I({w}).
Then from the fact J ⊇ I and the assumption VV (I ) ⊆ VG we get w ∈ VV (I ) ⊆ VG. Consider
the automorphism φ of F[V ] defined by φ(f )(v) = f (v − w). Then φ sends F[V ]+ to J and
φ is G-equivariant. So φ induces an automorphism of A which sends A+ to P , and further, an
algebra isomorphism from AA+ to AP . Since VV (I ) is a linear variety, it then follows that φ
sends IAA+ to IAP . So we get an induced isomorphism φ¯ :AA+/IAA+ → AP /IAP , and so
RR+ ∼= RP¯ . We have proved that RR+ is regular. 
For an ideal J of F[V ], write JG for the ideal J ∩ F[V ]G of F[V ]G.
Corollary 2.2. Assume that F is algebraically closed. Let G ⊆ GL(V ) be any finite group
and let W ⊆ VG be a subspace. Denote by W⊥ the subspace of V ∗ vanishing on W . Then
F[V ]G/(W⊥F[V ])G is a polynomial ring. Furthermore, F[V ]G is a polynomial ring if and only
if (W⊥F[V ])G is a complete intersection, namely, (W⊥F[V ])G can be generated by n− dimW
invariants.
Proof. Let I := (W⊥F[V ])G. Then I is a homogeneous prime ideal of F[V ]G of height
n − dimW . To prove F[V ]G/I is a polynomial ring, by Theorem 2.1 we need only to show
that VV (I ) ⊆ VG and VV (I ) is a linear variety. To this end we show that VV (I ) = W . Since
VV (W⊥F[V ]) = W , we must show that VV (I ) = VV (W⊥F[V ]). It is clear that VV (I ) ⊇
VV (W⊥F[V ]). On the other hand, take v ∈ VV (I ). For any f ∈ W⊥F[V ], from∏g∈G(f −gf ) =
0 we have an equation
f |G| − p1f |G|−1 + · · · + (−1)|G|p|G| = 0
where the pi ’s are the elementary symmetric polynomials of {gf | g ∈ G}. So pi ∈ F[V ]G.
Furthermore, since W⊥ is a G-submodule of V ∗, the ideal W⊥F[V ] is G-stable. It follows
that pi ∈ I and so pi(v) = 0. Thus f |G|(v) = 0 and thus f (v) = 0. We have proved that v ∈
VV (W⊥F[V ]), and that VV (I ) = VV (W⊥F[V ]).
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with the set of liftings to F[V ]G of a minimal homogeneous generating set of F[V ]G/I forms
a minimal homogeneous generating set of the algebra F[V ]G with n elements. So F[V ]G is a
polynomial ring. Conversely, if F[V ]G is a polynomial ring, then I is a complete intersection by
the following proposition. 
Proposition 2.3. Let R = F[y1, . . . , yn] be a graded polynomial ring (the degree of yi could be
greater than one) and J a homogeneous ideal of R. If R/J is a polynomial ring, then J is a
complete intersection.
Proof. We use induction on ht(J ), the height of J . If ht(J ) = 0, then J = 0, the proposition
is trivially true. Now assume ht(J ) = m > 0. For any N -graded F-algebra B , a subset S ⊆ B
of homogeneous elements of positive degree generates the F-algebra B if and only if S¯ spans
the F-vector space B+/B2+ (by the graded Nakayama Lemma). It follows that S is a minimal
homogeneous generating set of B if and only if S¯ is a basis of B+/B2+, and that any two min-
imal homogeneous generating sets of B have the same cardinality. Since R/J = F[y1, . . . , yn ]
is a polynomial ring of Krull dimension n − m, without loss of generality we may assume
R/J = F[y1, . . . , yn−m ]. We assert that there exists a homogeneous polynomial f ∈ J which is
included in a minimal homogeneous generating set of the polynomial ring R. In fact, there exists
a homogeneous polynomial h ∈ F[y1, . . . , yn−m] with degh = degyn such that f := yn − h ∈ J ,
and clearly this f will do. Now consider the polynomial ring A = R/(f ) and let I = J/(f ).
Then A/I ∼= R/J is a polynomial ring, and ht(I ) = m − 1. By induction, I is a complete inter-
section, and thus J is a complete intersection. 
Using Corollary 2.2 we can give a simpler proof of Landweber–Stong’s result that any one
column group (on V ) has a polynomial invariant ring. Namely,
Corollary 2.4. (See Landweber–Stong [14].) Let G ⊆ GL(V ) be a finite group such that
dimVG = n− 1. Then F[V ]G is a polynomial ring.
Proof. Let V¯ = F¯ ⊗F V . Then we have F¯[V¯ ] = F¯ ⊗F F[V ] and F¯[V¯ ]G = F¯ ⊗F F[V ]G. It
follows that F[V ]G is a polynomial ring if and only if F¯[V¯ ]G is a polynomial ring. Further-
more, dimF¯ V¯ G = dimF VG = n − 1. So we may assume that F is algebraically closed. By
Corollary 2.2, to show this result it suffices to show that ((V G)⊥F[V ])G is a complete inter-
section. Since dimVG = n − 1, we need to show that ((V G)⊥F[V ])G is a principal ideal. Let
{v1, . . . , vn} be a basis of V with {v2, . . . , vn} a basis of VG, and let {x1, . . . , xn} be the dual
basis of {v1, . . . , vn}. We have (V G)⊥ = Fx1 := U . Since U is a G-module, for any g ∈ G,
gx1 = agx1 for some 0 = ag ∈ F. Thus we have a group homomorphism φ :G → F∗, g → ag .
Let H = kerφ. Then G/H = 〈σ¯ 〉 is a cyclic group of order s, say, where (s,p) = 1 if p > 0. If
s = 1, then G is a p-group, and the result follows immediately because x1 is an invariant and
thus (x1F[V ])G = x1F[V ]G is a principal ideal. So assume s = 1. Let
σ =
(
a A
0 I
)
.n−1
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σm =
(
am
∑m−1
i=0 aiA
0 In−1
)
we see that σ also has order s. Furthermore, after a suitable choice of the basis we may assume
A = 0. We now prove that (x1F[V ])G is the principal ideal generated by xs1. Let f ∈ (x1F[V ])G.
Then we can write f = xt1h, where t  1 and x1 does not divide h. So h(0, x2, . . . , xn) := h1 = 0
is σ -invariant. From σf = f we get atxt1h1 = xt1h1. So at = 1 and thus s | t . Since xs1 is a
G-invariant, we get that h is also a G-invariant. So f ∈ xs1F[V ]G, and (x1F[V ])G = xs1F[V ]G is
a principal ideal. 
For any finite group G ⊆ GL(V ), the ideal of F[V ] generated by all homogeneous invariants
of positive degree, namely F[V ]G+ · F[V ], is called the Hilbert ideal of G. Let β(F[V ]G+ · F[V ])
denote the smallest positive integer d such that F[V ]G+ · F[V ] is generated by homogeneous
elements of degree at most d . Note that from the fact that F¯[V¯ ]G = F¯ ⊗F F[V ]G we have
β(F[V ]G+ · F[V ]) = β(F¯[V¯ ]G+ · F¯[V¯ ]). We first have,
Proposition 2.5. For any finite group G ⊆ GL(V ),
β
(
F[V ]G+ · F[V ]
)
 n
(|G| − 1).
Proof. We may assume F is algebraically closed. Then by Dade’s algorithm (see [7]) we get a
homogeneous system of parameters f1, . . . , fn ∈ F[V ]G with degfi := di  |G| for all i. We
have the Hilbert series
H
(
F[V ]/(f1, . . . , fn), t
)=
n∏
i=1
(
1 + t + · · · + tdi−1).
So for any integer m>
∑n
i=1(di − 1), (V ∗F[V ])m ⊆ (f1, . . . , fn). It follows that F[V ]G+ · F[V ]
is generated by all non-scalar homogeneous invariants of degree at most
∑n
i=1(di − 1), hence
the result. 
Moreover, based on plenty of computational evidence, Derksen and Kemper made the follow-
ing conjecture (see [7]).
Conjecture (Derksen and Kemper). β(F[V ]G+ · F[V ]) |G|.
We can prove this conjecture is true in a special case.
Theorem 2.6. Let p > 0 and let G ⊆ GL(V ) be a finite group satisfying the condition∑
g∈G(g − 1)V ∗ ⊆ (V ∗)G. Then F[V ]G+ · F[V ] is a complete intersection ideal and
β
(
F[V ]G+ · F[V ]
)
 |G|.
Proof. By the following facts we may assume that F is algebraically closed:
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(2) F[V ]G+ · F[V ] is a complete intersection ideal if and only if F¯[V¯ ]G+ · F¯[V¯ ] is a complete
intersection ideal;
(3) β(F[V ]G+ · F[V ]) = β(F¯[V¯ ]G+ · F¯[V¯ ]).
Let x1, . . . , xn be a basis of V ∗ such that x1, . . . , xk is a basis of the subspace
∑
g∈G(g−1)V ∗.
Let J = (x1, . . . , xk)F[V ] and let W = VV (J ). Then from the assumption ∑g∈G(g − 1)V ∗ ⊆
(V ∗)G we get W ⊆ VG. W is clearly a linear variety. By Corollary 2.2 we have that F[V ]G/JG
is a polynomial ring. Take homogeneous invariants f1, . . . , fn−k such that their images fi in
F[V ]G/JG form a generating set for the polynomial ring F[V ]G/JG. For each i > k, let hi =∏
g∈G gxi be the norm of xi . Then hi ∈ F[V ]G\JG. Thus there exist non-zero polynomials φi ∈
F[y1, . . . , yn−k] such that hi = φi(f1, . . . , fn−k ) and such that φi(f1, . . . , fn−k) is homogeneous
as an element of F[V ]G. It follows that if fj actually appears in some φi(f1, . . . , fn−k) we must
have degfj  deghi = |G|. In fact, from the assumption ∑g∈G(g − 1)V ∗ ⊆ (V ∗)G we see that{x1, . . . , xk, h1, . . . , hn−k} is a homogeneous system of parameters. From this fact we see that
each fj must occur in some φi(f1, . . . , fn−k). So degfi  |G| for all 1 i  n − k. It follows
that
F[V ]G+ · F[V ] = (x1, . . . , xk, f1, . . . , fn−k)
is a complete intersection ideal and that
β
(
F[V ]G+ · F[V ]
)
 |G|. 
We remark that Theorem 2.6 says that if there exists a finite additive subgroup H of Ms×t (F)
such that with respect to a basis of V ∗, the group takes the following form
G =
{(
Is A
0 It
) ∣∣∣A ∈ H
}
,
then F[V ]G+ · F[V ] is a complete intersection ideal and
β
(
F[V ]G+ · F[V ]
)
 |G|.
In addition, G must be an elementary Abelian p-group.
Let mV denote the direct sum V ⊕ · · · ⊕ V (m copies) and define g(v1, . . . , vm) =
(gv1, . . . , gvm) for g ∈ G and vi ∈ V . Then we call F[mV ]G the m-fold vector invariant ring
of G.
Note that if
∑
g∈G(g − 1)V ∗ ⊆ (V ∗)G, then for any integer m> 0 we also have
∑
g∈G
(g − 1)(mV ∗)⊆ (mV ∗)G.
So we get
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g∈G(g − 1)V ∗ ⊆ (V ∗)G. Then for any integer m > 0, F[mV ]G+ · F[mV ] is a complete in-
tersection ideal and
β
(
F[mV ]G+ · F[mV ]
)
 |G|.
Note also that if G is an Abelian p-group generated by reflections, then the condition∑
g∈G(g − 1)V ∗ ⊆ (V ∗)G is satisfied (see [6]). So we have
Corollary 2.8. Let G ⊆ GL(V ) be an Abelian p-group generated by reflections. Then for any
integer m> 0, F[mV ]G+ · F[mV ] is a complete intersection ideal and
β
(
F[mV ]G+ · F[mV ]
)
 |G|.
3. Polynomial and Cohen–Macaulay properties
In this section we study the polynomial and Cohen–Macaulay properties of invariant rings.
We will primarily study the relationships between the invariant ring of a p-group and that of
a maximal subgroup of this group. Among all the questions to ask about such relationships, an
interesting one is this: if the invariant ring of a p-group G is a polynomial ring, is there a maximal
subgroup of G whose invariant ring is also a polynomial ring? We know that if an invariant ring
is a polynomial ring, the group is necessarily generated by reflections. Thus if the question has a
positive answer, G must have a maximal subgroup which is generated by reflections. So we first
prove the existence of such a maximal subgroup.
Proposition 3.1. Let G ⊆ GL(V ) be a non-trivial p-group generated by reflections. Then there
exists a maximal subgroup of G which is also generated by reflections.
Proof. Choose a basis {v1, . . . , vn} of V such that under this basis G is upper-triangular and
such that VG = 〈v1, . . . , vd−1〉, where d > 1 since G is a p-group and thus VG = {0}. Let
{x1, . . . , xn} be the dual basis of {v1, . . . , vn}. There exists a reflection g ∈ G such that (g −
1)(vd) = v = 0 for some v ∈ VG. Without loss of generality we way assume x1(v) = 0. Since g
is a reflection, (g − 1)(vi) = aiv for all i > d , where ai ∈ F. Then under the new basis {w1 = v,
w2 = v2, . . . ,wd = vd,wd+1 = vd+1 − ad+1vd, . . . ,wn = vn − anvd}, G is still upper-triangular
with VG = 〈w1, . . . ,wd−1〉 and with V g = 〈w1, . . . , wˆd , . . . ,wn〉. Further, (g − 1)(wd) = w1.
Let {y1, . . . , yn} be the dual basis of {w1, . . . ,wn} and let
N = {σ ∈ G ∣∣ y1(σ(wd))= 0}.
Then N is a normal subgroup of G because it is the kernel of the group homomorphism:
G −→ F+, σ −→ y1
(
σ(wd)
)
.
LetR denote the set of all the reflections in G. Furthermore, letR1 = N∩R andR2 =R\R1.
Clearly, R2 = {σ ∈R | y1(σ (wd)) = 0}, and R2 = ∅ since g ∈R2. Note that for any σ ∈R2,
we must have (σ − 1)V ⊆ VG since y1(σ (wd)) = 0. Thus H := 〈R2〉 is an Abelian reflection
group. Let K := 〈R1〉. Since N is normal in G, it can be seen that K is normal in G too. Since
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such that 〈X¯〉 is a maximal subgroup of G/K . Let L = 〈K,X〉. Then L is a maximal subgroup
of G generated by reflections. 
The next two propositions give a sufficient and necessary condition for a maximal subgroup
N of a p-group G to have a polynomial invariant ring, assuming that F[V ]G is a polynomial
ring.
Proposition 3.2. Let G ⊆ GL(V ) be a p-group and assume F[V ]G = F[f1, . . . , fn] is a polyno-
mial ring, where the fi ’s are homogeneous. Let N be a maximal subgroup of G and assume that
for some i, 1 i  n, fi is reducible in F[V ]N . Then F[V ]N is a polynomial ring. Furthermore,
fi =NG/N(h) for some h ∈ F[V ]N and for each j = i, fj is irreducible in F[V ]N (namely, fj
is not a product of two N -invariants of smaller degree).
Proof. Since for any p-group P ⊆ GL(V ), the group Hom(P,F∗) is trivial, by [18, Theo-
rem 2.11] we have that F[V ]P is a UFD. Thus both F[V ]G and F[V ]N are UFDs. Since F[V ]G is
a polynomial ring, f1, . . . , fn are all irreducible in F[V ]G. Now, if some fi , say fn, is reducible
in F[V ]N , we have fn = g1g2, where g1, g2 ∈ F[V ]N are homogeneous of positive degree and g1
is irreducible in F[V ]N . Let G = 〈N,σ 〉. Then σ(g1) = g1 since otherwise fn would be reducible
in F[V ]G. Thus the elements g1, σ (g1), . . . , σp−1(g1) are coprime irreducibles in F[V ]N . Thus
NG/N(g1) divides fn in F[V ]N . Since NG/N(g1) is G-invariant, we have fn = cNG/N(g1)
for some 0 = c ∈ F which may be assumed to be 1, again from the fact that fn is irreducible
in F[V ]G. So fn = NG/N(g1) and degfn = p · degg1. Since {f1, . . . , fn−1, g1} is a homoge-
neous system of parameters for F[V ]N as easily seen, and since
degf1 × · · · × degfn−1 × degg1 = |G|
p
= |N |
we see that F[V ]N = F[f1, . . . , fn−1, g1] is a polynomial ring. Furthermore, we see that all
f1, . . . , fn−1 are irreducibles in F[V ]N . 
Proposition 3.3. Let G ⊆ GL(V ) be a p-group with F[V ]G = F[f1, . . . , fn] a polynomial ring,
where the fi ’s are homogeneous. Let N be a maximal subgroup of G and assume F[V ]N is a
polynomial ring. Then for some homogeneous element h ∈ F[V ]N and some j ,
F[V ]N = F[f1, . . . , fˆj , h, fj+1, . . . , fn],
where the degrees of fj and h satisfy degfj = p · degh.
Proof. Let F[V ]N = F[h1, . . . , hn], where the hi ’s are homogeneous. There are homogeneous
elements g1, . . . , gp ∈ F[V ]N such that
F[V ]N =
p⊕
i=1
F[V ]G · gi,
where g1 = 1. Let di = deggi and assume d1  · · ·  dp . If |G| = pm, then degfi = pmi for
some mi  0 and
∑n
i=1 mi = m; deghi = pki for some ki  0 and
∑n
i=1 ki = m− 1. We assume
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Then by comparing the Hilbert series of F[V ]N and that of ⊕pi=1 F[V ]G · gi we have β(t) =
γ (t) ·∑pj=1 tdi . Since γ (t) | β(t), by Lemma 3.5 below, there exists an s such that ms = ks + 1
and for j = s, mj = kj . So
p∑
j=1
tdi =
p−1∑
r=0
tp
ks ·r .
Let h = g2. Then degh = d2 = pks = deghs . By Galois theory, {1, h, . . . , hp−1} is a basis for
Q(F[V ]N) over Q(F[V ]G) (if D is a domain, Q(D) denotes the field of fractions of D). Thus
A :=
p−1∑
i=0
F[V ]G · hi =
p−1⊕
i=0
F[V ]G · hi ⊆ F[V ]N.
Note that A has the same Hilbert series as F[V ]N , so
F[V ]N =
p−1⊕
i=0
F[V ]G · hi.
Now consider M := F[V ]N+/(F[V ]N+)2. Note that any n homogeneous elements of F[V ]N+
whose images in M are linearly independent over F form a minimal homogeneous generat-
ing set for the algebra F[V ]N . So, dimF M = n. Since (F[V ]G+)2 ⊆ (F[V ]N+)2 and (F[V ]G+)h ⊆
(F[V ]N+)2, we see that the images of f1, . . . , fn,h in M contain an F-basis of M . Clearly, this
basis must contain h¯. Since the degrees of elements in a minimal homogeneous generating set of
F[V ]N are uniquely determined, the omitted fj must satisfy degfj = p · degh. 
Putting Propositions 3.2 and 3.3 together we obtain
Theorem 3.4. Let G ⊆ GL(V ) be a p-group and N a maximal subgroup of G. Assume F[V ]G
is a polynomial ring. Then F[V ]N is a polynomial ring if and only if there are homogeneous
elements f1, . . . , fn ∈ F[V ]G such that F[V ]G = F[f1, . . . , fn] and fi = NG/N(h) for some i
and some h ∈ F[V ]N\F[V ]G.
Proof. By Propositions 3.2 and 3.3 we need only to show that if
F[V ]N = F[f1, . . . , fi−1, h, fi+1, . . . , fn]
with fj ∈ F[V ]G, then
f1, . . . , fi−1, fi :=NG/N(h), fi+1, . . . , fn
is a homogeneous system of parameters of F[V ]G. This is easy to show. 
Let p be any prime. For any integer m > 0, let m(p) be the largest non-negative integer such
that pm(p) divides m. We have the following result.
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polynomials in t with 0m(p)1  · · ·m(p)n and 0 k(p)1  · · · k(p)n , and assume g(t) | f (t).
Then k(p)i m
(p)
i for all i.
Proof. For any integer r > 0, let λr(t) be the cyclotomic polynomial. Thus λr(t) is irreducible
in Q[t] and t r − 1 =∏s|r λs(t). In particular,
tp
r − 1 =
r∏
i=0
λpi (t).
If for some i, k(p)i > m
(p)
i , then we would have λ
p
k
(p)
i
(t)n−i+1 divides g(t) and λ
p
k
(p)
i
(t)n−i+1
does not divide f (t). So g(t) does not divide f (t), a contradiction. So we must have k(p)i m
(p)
i
for all i. 
For any finite group G ⊆ GL(V ), if the invariant ring of a p-Sylow subgroup of G is Cohen–
Macaulay then so is the invariant ring of G (see [21, Proposition 8.3.1]), but not conversely
(see the example following Remark 3.7 below). The next result shows that if G has a normal
p-Sylow subgroup N and G is generated by N and reflections, then the invariant ring of G and
the invariant ring of N have better relationships.
Theorem 3.6. Assume that the finite group G ⊆ GL(V ) has a normal p-Sylow subgroup N , and
assume that G is generated by N and reflections. Then
(1) F[V ]G is Cohen–Macaulay if and only if F[V ]N is Cohen–Macaulay;
(2) if F[V ]N is a polynomial ring, F[V ]G is a polynomial ring.
Proof. We first show that F[V ]N is a free module over F[V ]G.
Let g ∈ G be any reflection. Then there exists a linear form  such that (g−1)F[V ] ⊆ F[V ] ·.
Since F[V ]N is a UFD, (F[V ] · ) ∩ F[V ]N = F[V ]N · f for an irreducible homogeneous ele-
ment f of F[V ]N . Then we have
(g − 1)F[V ]N ⊆ F[V ]N · f.
So G/N acts on F[V ]N as a non-modular generalized reflection group, and thus F[V ]N is free
over F[V ]G by [8].
From the fact that F[V ]N is free over F[V ]G, (1) follows easily, and (2) follows from [21,
Corollary 6.4.4]. 
Remark 3.7. We remark that Theorem 3.6(1) is a result of [3].
It should be noted that the normality assumption in Theorem 3.6 is crucial for the validity
of the theorem. As an example, let us consider the symmetric group Sp , where p > 3, and its
usual representation. Although the invariant ring of Sp is polynomial, the invariant ring of any
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dimV σ = 1, and thus depth(F[V ]〈σ 〉) = 3 <p by the formula
depth
(
F[V ]P )= min{dim(V P )+ 2,dim(V )},
where P ⊆ GL(V ) is a cyclic p-group (see [9]). So F[V ]〈σ 〉 is not Cohen–Macaulay.
Finally, we give a result about the non-Cohen–Macaulay property of vector invariant rings to
end this section.
For a non-trivial p-group G ⊆ GL(V ), F[3V ]G is always not Cohen–Macaulay (see [2, The-
orem 1.2] or [12, Corollary 3.7]). Hughes and others have conjectured that the same is true for
any modular group G ⊆ GL(V ). Here we give a result showing that this conjecture is true in a
special case.
Proposition 3.8. Let p > 2 and let G be a permutation group with the usual representation. If
there exists a subgroup H G of order p with [NG(H) : H ] not divisible by p, then F[3V ]G is
not Cohen–Macaulay.
Proof. In this case the first r > 0 with Hr (G,F[3V ]) = 0 satisfies r  2(p − 1) (see [12, Re-
mark 2.5]). It is known from [10] or [4] that the trace variety is
VV¯
(
TrG
(
F[V ]G))= ⋃
g∈T
V¯ g,
where T is the set of g ∈ G such that the order of g is p. It follows that
ht
(
TrG
(
F[3V ]))= 3(ht(TrG(F[V ]))) 3(p − 1) > r + 1.
Furthermore, since TrG(F[3V ]) annihilates all cohomology groups Hi (G,F[3V ]) for i > 0 (see
[11, Lemma 1.3]), the result follows from [12, Corollary 1.6]. 
4. Invariants of affine groups
Let AGn denote the group of all invertible linear transformations of F ⊕ V ∗ that fix F point-
wise. We call any subgroup of AGn an affine group on V ∗. For g ∈ AGn there is a unique
element σ ∈ GL(V ∗) and an element w = (w1, . . . ,wn) ∈ Fn such that gxi = σxi + wi , where
{x1, . . . , xn} is a fixed basis of V ∗. So we write g as gσ,w . Define Hn := {g1,w | w ∈ Fn}. Then
Hn is the group of all translations and is a normal subgroup of AGn. Furthermore, AGn is the
semi-direct product of Hn by GL(V ∗). More generally, if G ⊆ AGn is a subgroup containing Hn,
then there exists a subgroup G¯ ∈ GL(V ∗) such that G is the semi-direct product of Hn by G¯.
Each g ∈ AGn induces an algebra automorphism of F[V ]. So we can study the invariant ring
F[V ]G for any subgroup G of AGn. For Hn we have the following result.
Proposition 4.1. Let F = Fq be a finite field. Then
F[V ]Hn = F[xq1 − x1, . . . , xqn − xn]
is a polynomial ring.
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Hn ∼= H1 ×H1 × · · · ×H1 (n copies)
and
F[V ]Hn ∼= F[x1]H1 ⊗ F[x2]H1 ⊗ · · · ⊗ F[xn]H1 .
So, to prove the result we need only to consider the case n = 1.
Let x = x1 and H = H1. Note that xq −x is the norm of x under H . So xq −x is an irreducible
invariant of F[x]H . Let f be a non-zero invariant of F[x]H without constant and with the smallest
degree. For any y ∈ F[x]H , write y = uf + r with r = 0 or deg(r) < deg(f ). It can be seen
that u, r ∈ F[x]H because each g ∈ H preserves degree (although g is not homogeneous). So
r ∈ F as f has the smallest degree. By induction on the degree of y we see that y ∈ F[f ].
So F[x]H = F[f ]. Moreover, if we take y = xq − x we see that r = 0, and thus f | xq − x.
Since xq − x is irreducible in F[x]H we have f = c · (xq − x) for some non-zero c ∈ F. So
F[x]H = F[xq − x], as required. 
We now have the following theorem.
Theorem 4.2. Let F = Fq be a finite field and let G be a subgroup of AGn containing Hn. Then
G is the semi-direct product of Hn by a subgroup G¯ ⊆ GL(V ∗). We have
F[V ]G ∼= F[V ]G¯
as F-algebras.
Proof. By Proposition 4.1 we have
F[V ]G = F[xq1 − x1, . . . , xqn − xn]G/Hn.
Since each xqi − xi is a q-polynomial, it is easily checked that the vector spaces V ∗ and
〈xq1 − x1, . . . , xqn − xn〉F are equivalent representations of G¯ ∼= G/Hn. From this fact the result
follows. 
Again, assume F = Fq . Then the order of AGn is
qn
(
qn − 1)(qn − q) · · · (qn − qn−1).
Let SAn = AGn ∩ SLn+1 and UAn = AGn ∩ Un+1. Then we have that AGn, SAn and UAn all
contain Hn and are all semi-direct products of Hn by GLn, SLn and Un, respectively. It is well
known that F[V ]N is a polynomial ring if N is one of GLn, SLn and Un. So from Theorem 4.2
we obtain
Corollary 4.3. Let F = Fq be a finite field and G be one of the groups AGn, SAn and UAn. Then
F[V ]G is a polynomial ring.
722 J. Chuai / Journal of Algebra 318 (2007) 710–722Acknowledgments
I would like to thank Abraham Broer for many helpful conversations and Eddy Campbell,
Ian Hughes and David Wehlau for their assistance while I was a post-doctoral fellow at Queen’s
University in Kingston where part of the work was done. I would also like to thank the referee of
the paper for helpful comments.
References
[1] D.J. Benson, Polynomial Invariants of Finite Groups, Cambridge University Press, 1993.
[2] H.E.A. Campbell, A.V. Geramita, I.P. Hughes, R.J. Shank, D.L. Wehlau, Non-Cohen–Macaulay vector invariants
and a Noether bound for a Gorenstein ring of invariants, Canad. Math. Bull. 42 (2) (1999) 155–161.
[3] H.E.A. Campbell, I.P. Hughes, R.D. Pollack, Rings of invariants and p-Sylow subgroups, Canad. Math. Bull. 34 (1)
(1991) 42–47.
[4] H.E.A. Campbell, I.P. Hughes, G. Kemper, R.J. Shank, D.L. Wehlau, Depth of modular invariant rings, Transform.
Groups 1 (5) (2000) 21–34.
[5] C. Chevalley, Invariants of finite groups generated by reflections, Amer. J. Math. 67 (1955) 778–782.
[6] J. Chuai, Two-dimensional vector invariant rings of Abelian p-groups, J. Algebra 266 (2003) 362–373.
[7] H. Derksen, G. Kemper, Computational Invariant Theory, Encyclopaedia Math. Sci., vol. 130, Springer-Verlag,
Berlin, 2002.
[8] J.A. Eagon, M. Hochster, Cohen–Macaulay rings, invariant theory, and the generic perfection of determinantal loci,
Amer. J. Math. 93 (1971) 1020–1058.
[9] G. Ellingsrud, T. Skjelbred, Profondeur d’anneaux d’invariants en caractéristique p, Compos. Math. 41 (1980)
233–244.
[10] P. Fleischmann, Relative trace ideals and Cohen–Macaulay quotients of modular invariant rings, in: Computational
Methods for Representations of Groups and Algebras, Euroconference in Essen, April 1–5, 1997, in: Progr. Math.,
vol. 173, Birkhäuser, Basel, 1999.
[11] M. Lorenz, J. Pathak, On Cohen–Macaulay rings of invariants, J. Algebra 245 (2001) 247–264.
[12] G. Kemper, On the Cohen–Macaulay property of modular invariant rings, J. Algebra 215 (1999) 330–351.
[13] E. Kunz, Introduction to Commutative Algebra and Algebraic Geometry, Birkhäuser, Boston, 1985.
[14] P.S. Landweber, R.E. Stong, The depth of rings of invariants over finite fields, in: Proc. New York Number Theory
Seminar, 1984, in: Lecture Notes in Math., vol. 1240, Springer-Verlag, New York, 1987.
[15] H. Matsumura, Commutative Ring Theory, Cambridge University Press, 1986.
[16] H. Nakajima, Regular rings of invariants of unipotent groups, J. Algebra 85 (1983) 253–286.
[17] H. Nakajima, Invariants of finite Abelian groups generated by transvections, Tokyo J. Math. 3 (1980) 201–214.
[18] H. Nakajima, Relative invariants of finite groups, J. Algebra 79 (1982) 218–234.
[19] J.-P. Serre, Groupes finis d’automorphismes d’anneaux locaux réguliers, in: Colloq. d’Algèbre Éc. Norm. Sup. de
Jeunes Filles, Paris, 1967, pp. 8-01–8-11.
[20] G.C. Shephard, J.A. Todd, Finite unitary reflection groups, Canad. J. Math. 6 (1954) 274–304.
[21] L. Smith, Polynomial Invariants of Finite Groups, A.K. Peters, 1995.
